A numerically efficient, hybrid method is introduced for modeling of short and long range seismoacoustic facet reverberation in the ocean environment. The method combines the global matrix approach to the solution of the wave equation in horizontally stratified media with a boundary element formulation of the boundary conditions at a contour surrounding the facet. The present paper describes a two-dimensional formulation for facets within an elastic seabed or an elastic ice cover, but allows for simulation of the reverberant field within the water column as well. The approach is directly extendable to treat reverberation from seabedpenetrating facets as well as three-dimensional elastic facets. In contrast to discrete methods such as the finite element and finite difference approaches, the solution obtained with the present hybrid approach is not only efficient for short-as well as long-range reverberation, but inherently decomposes the total solution in the temporal and spatial spectral components, of importance to the basic physical understanding of the factors affecting seismoacoustic facet reverberation.
INTRODUCTION
The effect of noise correlation on the performance of ocean acoustic array processing is well established, making it important to include such effects in theoretical evaluations of signal processing algorithms.• The effect of the noise is obviously more severe the more "signal-like" the noise is. Thus the "white" electronic noise is less of a problem than surface generated noise 2 or shipping noise.
Another correlated noise component is that generated by the signal itself through scattering and reverberation. However, in contrast to the, e.g., surface generated ambient noise, the reverberant field is directly associated with and dependent on the signal to be extracted by the signal processing. Therefore, the reverberant field will both be proportional to the signal strength and often have spatial correlation characteristics that are more "signal-like" than those of the ambient noise, in turn providing more problems for the signal processing performance.
The degradation of the signal processing performance is closely related to the degree and nature of the correlation. To enable performance analysis of signal processing algorithms, it is therefore essential to be able to accurately model the array response to scattering and reverberation in realistic ocean environments.
Based on the temporal and spatial correlation characteristics, the reverberation is divided into two main categories, diffuse and facet reverberation. The diffuse reverberation is due to scattering by the small-scale, stochastic structure of the ocean waveguide, e.g., surface and bottom roughness, and bottom inhomogeneity. The facet reverberation is due to abrupt changes in the environment, e.g., by seamounts and subbottom faults and diapirs. Due to its stochastic nature, the diffuse reverberation is characterized by a relatively low correlation. The ocean facets are of more deterministic nature and therefore give rise to extremely "signal-like" reverberation.
Due to theoretical and computational limitations, the numerical modeling tools applied in underwater acoustics have until recently been limited to one-way, two-dimensional propagation scenarios, capable of treating the reverberation problem only in terms of "target strength," incapable of representing real ocean reverberation. Thus available theories cannot explain the reverberation received from the continental margins as well as the reverberant field observed in apparently smooth ocean environments.
On this background there has been a significant effort in recent years to improve the modeling capabilities to incorporate scattering and reverberation effects.
Most theoretical work on dtffuse scattering has been focusing on the rough sea surface, where various scattering theories have been developed. A very thorough review of these approaches was recently given by Thorsos and Jackson. 3 The elastic properties of the ocean bottom become important at low frequencies in particular, but not until very recently have elastic effects been incorporated in the theoretical analysis of rough bottom scattering. 4'• A review of earlier work on bottom scattering is given by Ogilvy. 6
The facet reverberation is due to local, distinct features in the environment. The coupled mode approach of Evans ?
is capable of modeling the reverberation from two-dimen-sional facets, but is limited to purely fluid environments. It is therefore inapplicable to analysis of elastic scattering by ice and bottom facets. For such problems, discrete methods such as the finite difference (FD) approach has been applied to bottom scattering a and arctic ice keel scattering. 9 The discrete methods are very general in terms of geometries that can be treated, but the computational requirements are substantial due to the fact that the entire environment has to be discretized with a grid size small compared to the wavelengths involved. These methods are therefore for all practical purposes limited to short-range two-dimensional reverberation problems. For the same reason, extension to three dimensions is prohibitive, although possible in principle.
Other problems for the discrete methods are the radiation condition at the boundary of the computational mesh as well as numerical dispersion introduced by the discretization. Some of the most developed approaches for ocean acoustic and seismic propagation are the wavenumber integration (WI) methods based on separation of variables through integral transforms, both for time and frequency domain analysis.
•J -• One of the main advantages of the integral transform methods is the inherent decomposition of the total solution in both temporal and spatial spectral components, enabling interpretation of the results in terms of basic wave physics. The disadvantage of the integral transform methods are their geometric inflexibility, limiting their direct applicability to problems with separable geometry, e.g., a horizontally stratified ocean.
However, the wave number integration methods can be applied to the facet reverberation problem in a hybrid scheme. Thus Ingenito j4 and Hackman et al.
•5 use a T-matrix approach to represent the scattered field that is then convolved with the waveguide Green's function to produce the waveguide reverberation. In their approach multiple scattering is accounted for through a scattering series.
The same problem can be solved in a self-consistent manner using Green's theorem for the surface of this facet, requiring a finite discretization of the surface for numerical implementation. The boundary element method (BEM) combines an integral representation of the wave field within a volume with a point representation of stresses and displacements on the boundary between the two domains. The need for a dense mesh is limited to this boundary alone, eliminating the problem of discretely representing the wave field throughout the volume. This feature makes the BEM approach advantageous to scattering and radiation problems.
Several boundary element formulations based on wave number integration for the Green's functions have been presented. However, they have all been formulated for either purely fluid or purely elastic media, none of which is directly applicable to the ocean seismoacoustic reverberation problem. Schuster and Smith t6 combined a boundary integral method wilh a wave number inlegration approach to analyze scattering by rigid inclusions in a stratified fluid waveguide. Dawson and Fawcett •7 used a similar approach to address the reverberation from the waveguide boundaries. However, both were limited to fluid waveguides and ideal, homogeneous boundary conditions. There has been a significant effort ]n the seismic community in applying the hybrid BEM-WI approach to elastic scattering problems. We will here limit the analysis to two-dimensional facets that are entirely enclosed in elastic media, thus allowing for simulation of reverberation from subbottom facets such as salt diapirs and ice facets such as grooves. In a subsequent paper, we will extend the formulation to allow analysis of reverberation from facets in contact with both elastic and fluid layers, such as seamounts and ice keels.
The paper first outlines the problem under consideration. Then the boundary integral representation of an elastic wave field is described, followed by the boundary element formulation. The global matrix approach to the solution of the depth separated wave equation is briefly summarized in the context of the present boundary element formulation, including the closed form integration of the boundary element contributions. The numerical examples examine the reverberation from a groove in an arctic ice cover and an elastic subbottom facet.
I. STATEMENT OF PROBLEM
The problem under consideration is outlined in Fig. 1 . A range-independent ocean environment, bounded above by a possible ice cover and below by a stratified, elastic bottom, is assumed to be interrupted by a local deviation from the ideal, horizontal stratification, in the following referred to as a facet. Such facets can be ice keels or grooves in an arctic ice cover or seamounts and diapirs in the ocean bottom. To enable analysis of the forward and backward scattering and reverberation introduced by such facets, we assume the facet to be sufficiently local to be enclosed within a surface S, outside which the environment is horizontally stratified.
The inner region is assumed to b e horizontally stratified as well, but it could be of any composition, provided a mathematical/numerical model for its dynamic behavior is available. Thus the interior could be a structure, modeled by a finite element method, for example. The facet is assumed to have infinite extent in the y direction and only line sources parallel to the facet will be considered, allowing for a twodimensional plain strain formulation of the wave equation.
II. BOUNDARY INTEGRAL FIELD REPRESENTATION
The wave field in an elastic medium is described by the body forces fi, the surface tractions ti, and the displacements 
Equation ( 
The node displacements and tractions in the two regions must now satisfy the continuity conditions, u ,
?"= -t m, 
Equations (9) and (15) 
where both the source contribution f• (z,z';k) and the homogeneous solution • (z;k) in an elastic layer are of the form To determine the influence functions, the element integrations in Eqs. (10) and ( 11 ) must be performed. This can of course be done by numerical quadrature, requiring proper sampling of the Green's functions over the elements. However, the present wave number representation of the kernels allows for closed form evaluation of the element integrals. This is described in the following section.
Element integration
The components of the Green's functions to be integrated over the elements in Eqs. (10) 
and use the identity 3•
• P. (y)dRYdy = 2inj,, (R), We insert the known wave number repregentation for the free-field Green's functions and perform the element in- 
The corresponding wave number kernels for the stress at depth z are now found from Hooke's law. In the wave number domain, the spatial variation of the free-space Green's function is known; thus we obtain the spatial derivatives of the displacements involved in Hooke's law by algebraic operations in Eq. (37), yielding the displacement- 
yielding the following expression for the factor C" in Eq. 
which for a node with no change in element angle translates to a factor of C" -----1/2.
Wave number integration
The numerical evaluation of the wave number integrals is a critical point for wave number integration approaches. 
where R is the maximum range of interest and a is a factor which should be at least 2.0 for cases involving the spectrum for negative wave numbers. A value of a ----3.0 has been found empirically to be sufficient for all practical purposes. However, this sampling is not sufficient to ensure correct results. The discrete integration will still give rise to wraparound of the field outside the range window aR. This wraparound is reduced by choosing a complex wave number contour for evaluation of the inverse Fourier transform, Eq.
(19).
In setting up the BEM equations, Eq. (9), we need to determine extremely short-range influence functions as well as long-range Green's functions for the field produced on the facet boundary by the physical sources. According to the above discussion, we therefore need a large wave number interval for the influence functions, but with weak sampling requirements, whereas the sampling requirements are stricter for the source field, over a much smaller wave number interval, however.
It is therefore convenient to separate the wave number computation and integration for the two components, in spite of the fact that the DGM approach could solve for both simultaneously. For the same reason, the Green's function computations needed for the received field are also perFormed as a separate computation, allowing adjustment of the sampling parameters to the receiver positions of interest. The splitting of the Green's function computations in three independent parts also has the advantage that the computationally most intensive part, the evaluation of the influence functions, can be performed just once for a particular environment, and reused for several source-receiver scenarios.
In summary, the basic algorithm can be separated into five distinct parts:
( 1 ) Computation of exterior influence function [Eqs.
(10) and (11) For an inclusion with homogeneous boundary conditions, part 2 is not necessary. We roughly estimate a BEM computation will take from 3-10 times the CPU time of a normal SAFARI run, depending on the number of nodes.
Time domain solutions
For time domain solutions obtained by Fourier synthesis, the frequency sampling is a critical issue. However, in analogy to the wave number sampling, wraparound can be eliminated by evaluating the Fourier series along a complex frequency contour. When using complex frequency, it is not necessary also to use complex wave number. Complex frequency has been used in all time domain solutions following.
IV. NUMERICAL EXAMPLES
To illustrate the efficiency and versatility of the hybrid DGM-BEM approach for simulation of ocean seismoacoustic reverberation, we will apply it to three different reverberation scenarios. The first is a simple benchmark problem, which will be used to illustrate the correctness of the solution. The second problem concerns the long-range reverberation produced by a groove in the ice sheet covering an Arctic Ocean environment with a realistic sound-speed profile. The last example simulates the short-range reverberation from an elastic bottom facet in the time domain.
A. Semicircular canyon in elastic half-space
To evaluate the performance of the DGM-BEM approach, we will apply it to the problem used by Kawase with shear speed c s, Poisson ratio v = 0.33 (cp = 2c s ), and densityp has a semicircular canyon with radius a. We determine the vertical and horizontal displacements at the surface of the canyon for a vertically incident, plane P wave of frequency f= cs/a , i.e., with a Pwavelength equal to the diameter of the canyon. The displacement amplitude of the incident wave is unity. We use 30 boundary elements for representing the canyon, and Fig. 4 (a) two positions of the groove, one at 30-km range in the convergence zone and one at 15 kin, i.e., halfa convergence zone away from the source. The scattered fields produced in the two cases are shown in the form of field contours in Fig. 6 (b) and (c).
There are several things to note in the results shown in Fig. 6 . First of all, the structure of the scattered field is very similar for the two cases due to the significance of the surface duct propagation, but the levels are in general 3 dB higher for the groove at 30 km due to the convergence zone contribution. Further, because the scattered field itself is dominated by the convergence zone path due to the dominantly vertical angles generated, the reverberation produced on a vertical array in a monostatic scenario is approximately 6 dB higher for the groove at 30-km distance than for the one at 15-km distance. Here, it should of course be pointed out that these considerations ignore geometric spreading associated with more realistic point source scenarios. On the other hand, the issue is signal to noise ratio (SNR), and a target signal will be subject to the same geometric spreading laws. Thus a signal from a target at 100-m depth in the convergence zone will be only a couple of dB higher than for the target at 15-km range (ignoring geometric spreading), but the reverberation from a groove at the same distance is 6 dB higher, translating into a 3-to 4-dB-higher SNR in terms of reverberation for the target and ice facet at 15-km range.
Another important issue is the energy loss induced by scattering into flexural waves in the ice, which when accu- but the temporal structure of the scattered field is much more easily interpreted by eliminating the physical source field, as done in Fig. 12lb ). (4) The reverberated field can be directly separated from the total field, significantly aiding the interpretation.
(5) The DGM-BEM approach is extendable to three dimensions due to the fact that only the facet boundary needs to be discretized.
The present DGM-BEM is of more general applicability to ocean seismoacoustic reverberation problems than earlier published hybrid boundary integral-wavenumber integration methods due to the following inherent features:
( 1 ) Both exterior and interior domains can be stratified fluid-elastic media, including transversely isotropic layers. 
